Abstract. In this work, we constructed a new fractional-order dynamical model of tumor and apply Euler method to obtain the discrete system. Local stability of the fixed points of the discretized system is studied. Numerical simulations show the chaotic attractor and the richer dynamical behavior of the discretized system. Linear feedback control method is used to control chaos in the considered discretized system. Numerical simulations results show that the controller can control the chaos effectively.
Introduction
In the past few decades, fractional calculus has been an active research field from both theoretical and practical perspectives [1, 2] . Fractional differential equations which are generalizations of classical differential equations describe the memory effect, and it is the major advantage over integer-order derivatives [3] . Mathematical models for tumor growth have been extensively studied in the literature to understand the mechanism of the disease and to predict its future behavior [4] .
Some authors discussed the problem of chaos and stability analysis of some biological models such as cancer and tumor model, stochastic lattice gas prey-predator model and many other models [5, 6] . However, the current models are all restricted to integer-order ordinary differential equations. A major difference between fractional-order models and integer order models is that fractional-order models possess memory, while the main features of immune response involve memory [7] . Hence, we will propose a model of fractional-order differential equation to describe tumor growth.
Moreover, the need for a discretization of fractional-order models arises from the fundamental realization that nonlinear fractional-order systems generally do not have analytic solutions expressible in terms of a finite representation of elementary functions. Some examples of dynamical systems generated by piecewise constant arguments have been studied in [8, 9] . Here, we apply Euler method to obtain the discrete version of the system under study. There are many schemes to achieve chaos control, such as linear and nonlinear feedback control and active control etc. [10, 11] . In this paper, linear feedback control method is used to control chaos.
In this paper, we have introduced the fractional-order tumor model and discretized system. The fixed points and their asymptotic stability of the discretized tumor system are studied. Numerical simulations show the system's fractional parameter has effect on the stability of the discretized system which shows rich variety of dynamical behaviors such as an attractor crisis and chaotic attractors. Furthermore, linear feedback control method is used to control chaos in the considered discretized system. The experiment results show that the controller can control the chaos effectively. Finally, brief conclusions are given.
Fractional-order tumor model and its discretization
Our model is proposed based on Ref. [6] . Consider that the immune cells can die naturally and the main features of immune response involve memory, the natural death rate of immune cells is added to the second equation, and a fractional-order cancer model is given as follows:
. describes the rate of change in the population of host cells with time t . In Eq. ( iii ), the host cells grow logistically with the growth rate of 3 r and maximum carrying capacity is 3 k . 2  is the rate of the host cells inactivated by tumor cells as well as they die naturally at the rate 2 d . We note that all the system parameters are positive and non-dimensional. Next, the discretization process of the fractional-order cancer system is given as follows:
conditions of system (1)， and ( ) , ( ) , ( ) , ,
 , here, s is the step size.
By Euler method, the system (1) can be discretized as follows:
3. Dynamical behaviors of the discretized fractional order tumor model 3.1. Stability of the fixed points of the discretized system
We can obtain eight fixed points of system (2): (1) where   3 3  2 3  2 3 2  2  2  1  3 , , 2
As stated above, in the cancer model, the three state variables , x y   and z  are nonnegative, so we are only interested in the positive fixed points. Next, we will discuss the stability at the fixed point. Theorem1. For system (2), the following statements hold true:
(1) 0 E is unstable point. (2) (2) is locally asymptotically stable if and only if
Finally, let us discuss the stability of the other fixed points. The characteristic equation of
According to the Jury's criterion [12] , the fixed points are locally asymptotically stable if
Numerical simulations
In order to analyze the stability of the interior fixed points, we investigate the global dynamical behavior of system (2) by using numerical simulations. We fix the parameters , respectively. From Fig. 1 , we notice that decreasing the parameter s and increasing the fractional-order parameter q stabilize the chaotic behavior of system (2) .The strange attractor of the system (2) is shown in Fig. 1 .e for 0.5 q  and 0.01 s  which confirms the above result; because it is shown that the reversible of the above result when s is small and decreasing the fractional-order parameter q destabilize the stable behavior of system (2). 
0. a a a   So the system (4) is locally asymptotically stable. The simulation result is depicted through Fig. 2 .Therefore, by adding the feedback controller, the tumor cells can be controlled to change from the unstable chaotic state to the stable state. In this paper, we have introduced the fractional-order tumor model and discretized system. We have studied the local stability of the fixed points of the discretized system. It has been found that, the fractional parameter q has effect on the stability of the discretized system. We have also shown that when decreasing the parameter s and increasing the fractional-order parameter q , the chaotic behavior of system (2) will be stabilized. Meanwhile, decreasing the fractional-order parameter q destabilize the stable behavior of system (2). Numerical simulations have been used to show the richer dynamics of the discretized system. Also, the controlled system of discretized system is constructed by applying the linear feedback method. Simulation results show that the feedback control is easy to implement even for controlling the discretized chaotic systems.
